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MINIMAL COVERS OF HYPERGRAPHS
TARAS BANAKH AND DOMINIC VAN DER ZYPEN
Abstract. For a hypergraph H = (V, E), a subfamily C ⊆ E is called a cover of the hyper-
graph if
⋃
C =
⋃
E . A cover C is called minimal if each cover D ⊆ C of the hypergraph H
coincides with C. We prove that for a hypergraph H the following conditions are equivalent:
(i) each countable subhypergraph of H has a minimal cover; (ii) each non-empty subhy-
pergraph of H has a maximal edge; (iii) H contains no isomorphic copy of the hypergraph
(ω,ω). This characterization implies that a countable hypergraph (V, E) has a minimal cover
if every infinite set I ⊆ V contains a finite subset F ⊆ I such that the family of edges
EF := {E ∈ E : F ⊆ E} is finite. Also we prove that a hypergraph (V, E) has a minimal
cover if sup{|E| : E ∈ E} < ω or for every v ∈ V the family Ev := {E ∈ E : v ∈ E} is finite.
1. Introduction
Hypergraphs are very simple mathematical structures, but they are surprisingly useful for
modeling various concepts in the real world.
A hypergraph is a pair Γ = (V, E) consisting of a set V of vertices and a collection E of
subsets of V , called the edges of Γ. In this paper we shall be interested in hypergraphs (V, E)
whose edges cover V in the sense that V =
⋃
E :=
⋃
E∈E E. In this case the hypergraph can
be identified with the family E of its edges. Moreover, any family E of sets can be identified
with the hypergraph (
⋃
E , E). To shorten notations, by a hypergraph we shall understand
any family E of sets. Elements of E and
⋃
E will be called the edges and the vertices of
the hypergraph E , respectively. A hypergraph E is countable if the sets E and
⋃
E both are
countable.
Two hypergraphs E and E ′ are called isomorphic if there exists a bijective map f :
⋃
E →⋃
E ′ such that E ′ = {f [E] : E ∈ E}.
To distinguish between (pre)images of points and sets, for a function f : X → Y between
sets X,Y and subsets A ⊆ X and B ⊆ Y , we put
f [A] := {f(a) : a ∈ A} and f−1[B] := {x ∈ X : f(x) ∈ B}.
For a hypergraph E and a set A put E↾A := {E ∩A : E ∈ E}. A hypergraph S is called a
subhypergraph of a hypergraph E if S = F↾A for some sets F ⊆ E and A ⊆
⋃
F .
An edge E ∈ E of a hypergraph E is maximal if each edge E′ ∈ E with E ⊆ E′ is equal to
E.
A subset C ⊆ E of a hypergraph E is called a cover of the hypergraph if
⋃
C =
⋃
E . A
cover C of a hypergraph E is minimal if each cover D ⊆ C of E coincides with C. Observe that
a cover C ⊆ E of a hypergraph E is minimal if and only if every edge C ∈ C contains a vertex
v ∈ C such that the set Cv := {E ∈ C : v ∈ E} coincides with the singleton {C}.
It is clear that a hypergraph E has a minimal cover if the set E is finite. The simplest
example of a hypergraph without minimal covers is the hypergraph ω whose edges are finite
ordinals n identified with the sets {0, . . . , n − 1} of smaller ordinals. Observe that
⋃
ω = ω,
which means that in the hypergraph ω the sets of vertices and edges coincide.
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The main result of this paper is the following characterization.
Theorem 1.1. For any hypergraph E the following conditions are equivalent:
(1) each countable subhypergraph of E has a minimal cover;
(2) each non-empty subhypergraph of E has a maximal edge;
(3) no subhypergraph of E is isomorphic to ω.
The implications (1)⇒ (3) ⇔ (2) of this theorem are trivial and (3) ⇒ (1) will be proved
in Lemma 2.4. In Section 3 we shall analyze some implications of Theorem 1.1 and pose
related open problems. It should be mentioned that problems related to minimal covers of
finite hypergraphs have been intensively studied in Graph Theory, see [1], [4], [5], [6].
2. Key Lemmas
Theorem 1.1 will be derived from Lemma 2.4, proved in this section. In the proof of
Lemma 2.4 we shall one two other lemmas.
Lemma 2.1. If a hypergraph E on the set V :=
⋃
E has no minimal covers, then for any
edge F ∈ E the hypergraph E↾V \ F has no minimal covers, too.
Proof. Assuming that the hypergraph E↾V \ F has a minimal cover, we can find a minimal
subfamily M⊆ E such that V \ F =
⋃
E∈ME \ F . If
⋃
M = V , then M is a minimal cover
of E . If
⋃
M 6= V , then {F} ∪M is a minimal cover of
⋃
E . 
To formulate our next lemma we need to introduce some notation. For a hypergraph E
and subsets A,B ⊆
⋃
E let
EA := {E ∈ E : A ⊆ E}, E−B := {E ∈ E : E ∩B = ∅} and EA−B := EA ∩ E−B .
If A = {v} for some vertex v ∈ V , then we shall write Ev and Ev−B instead of E{v} and E{v}−B ,
respectively.
Definition 2.2. A hypergraph E is defined to have minimal covers at a vertex v ∈
⋃
E if for
any finite set B ⊆
⋃
E and any subset A ⊆
⋃
Ev−B the hypergraph Ev−B↾A \
⋃
E−(B∪{v}) has
a minimal cover.
Lemma 2.3. A countable hypergraph E has a minimal cover if E has minimal covers at each
vertex v ∈
⋃
E.
Proof. Fix a well-order ≤ of the countable set V :=
⋃
E such that for any vertex v ∈ V the
set {u ∈ V : u < v} has finite cardinality < |V |. For a non-empty subset S ⊆ V , we denote
by minS the smallest element of S with respect to the well-order ≤.
Let V0 := V and M0 = ∅. By induction, for every n ∈ ω we shall choose a subfamily
Mn ⊆ E such that the following conditions are satisfied:
(1n) if the set Vn := V \
⋃
k≤n
⋃
Mk is empty, then Mn+1 = ∅;
(2n) if Vn 6= ∅, then
• Vn ⊆
⋃
E−B<n where B<n := {minVk}k<n;
• Mn+1 ⊆ Evn−B<n where vn := minVn;
• Mn+1↾Vn \
⋃
E−B≤n is a minimal cover of the hypergraph Evn−B<n↾Vn \
⋃
E−B≤n
where B≤n := {vk}k≤n.
Assume that for some n ∈ ω we have chosen familiesM0, . . . ,Mn such that the conditions
(1k), (2k) are satisfied for all k < n. Now we choose a family Mn+1 satisfying the conditions
(1n) and (2n). If the set Vn := V \
⋃
k≤n
⋃
Mk is empty, then put Mn+1 = ∅.
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Now assume that the set Vn is not empty and let vn := minVn be the smallest element
of Vn with respect to the well-order ≤ on V . Since the sequence V0 ⊇ · · · ⊇ Vn consists of
non-empty sets, the sets B<n = {minVk}k<n and B≤n = {minVk}k≤n are well-defined.
First we check that Vn ⊆
⋃
E−B<n . Observe that Vn = Vn−1 \
⋃
Mn. Then for k = n − 1
the condition (2k) ensures that any vertex x ∈ Vn belongs to the set Vk ⊆
⋃
EB<k but not to
the set
⋃
Mn ⊇ (
⋃
Evk−B<k) ∩ Vk \
⋃
E−B≤k . Then x /∈ (
⋃
Evk−B<k) \
⋃
E−B<n . Assuming
that x /∈
⋃
E−B<n , we conclude that x /∈
⋃
Evk−B<k . Since x ∈ Vn ⊆ Vk ⊆
⋃
E−B<k , we can
find an edge E ∈ E−B<k containing x. Since x /∈
⋃
Evk−B<k , the edge E does not contain
the point vk = vn−1. Then x ∈ E ∈ E−B<n , which contraducts our assumption x /∈
⋃
E−B<n .
This contradiction completes the proof of the inclusion Vn ⊆
⋃
E−B<n .
Since E has minimal covers at the vertex vn, the hypergraph Evn−B<n↾Vn \
⋃
E−B≤n has
a minimal cover M′n+1. For every edge E ∈ M
′
n+1 choose an edge E˜ ∈ Evn−B<n such that
E = E˜ ∩ Vn \
⋃
E−B≤n and put Mn+1 := {E˜ : E ∈ M
′
n+1}. This completes the inductive
step.
After completing the inductive construction, consider the family M :=
⋃
n∈ωMn ⊆ E .
We claim that M is a minimal cover of the hypergraph E . First we show that
⋃
M = V .
Assuming that some vertex v ∈ V does not belong to
⋃
M, we conclude that v ∈
⋂
n∈ω Vn
and hence the set ↓v ⊇ {vn}n∈ω is infinite, which contradicts the choice of the well-order ≤
(here we should also observe that for every n ∈ ω we have vn ∈ Vn ⊆
⋃
E−B<n , which implies
that vn /∈ B<n and hence the points vn, n ∈ ω, are pairwise distinct).
Next, we show that the cover M of E is minimal. Given any edge E ∈ M, find the smallest
number n ∈ ω such that E ∈ Mn+1. By the inductive condition (2n), the family Mn+1↾Vn \⋃
E−B≤n is a minimal cover of the hypergraph Evn−B<n↾Vn \
⋃
E−B≤n . Consequently, the
edge E contains a point x ∈ (
⋃
Evn−B<n) ∩ Vn \
⋃
E−B≤n , which is not contained in any edge
E′ ∈ Mn+1 \ {E}.
The definition (1n) of the set Vn ∋ x implies that x /∈ E
′ for any edge E′ ∈
⋃
k≤nMk. On
the other hand, the inclusion Mm+1 ⊆ E−B<m ⊆ E−B≤n holding for every m > n ensures that
the point x /∈
⋃
E−B≤n does not belong to any edge E
′ ∈
⋃
m>n
Mm+1. This completes the
proof of the minimality of the cover M and also the proof of the lemma. 
The following Lemma proves the (only non-trivial) implication (3)⇒ (1) of Theorem 1.1.
Lemma 2.4. If a countable hypergraph E has no minimal covers, then E contains a subhy-
pergraph isomorphic to ω.
Proof. Applying Lemma 2.3, we can find a vertex v0 ∈ V at which the hypergraph E has
no minimal covers. This means that for some finite set B0 ⊆ V and some set A0 ⊆ V
the hypergraph Ev0−B0↾A0 \
⋃
E−(B0∪{v0}) has no minimal covers. This implies that the
hypergraph
⋃
Ev0−B0 is not empty, so there exists an edge E0 ∈ Ev0−B0 . Finally, put V0 :=
(
⋃
Ev0−B0) ∩ A0 \ ({E0} ∪
⋃
E−(B0∪{v0})). By Lemma 2.1, the hypergraph Ev0−B0↾V0 has no
minimal covers.
Proceeding by induction, for every n ∈ ω we shall choose subsets Vn, An ⊆ V , a finite
subset Bn ⊆ V , a point vn ∈ V , and an edge En ∈ E such that the following conditions are
satisfied:
(1n) vn ∈ Vn−1;
(2n) Bn ∪An ⊆ Vn−1;
(3n) for the sets v<n := {vk}k<n, v≤n := {vk}k≤n and B≤n :=
⋃
k≤nBk, the hypergraph
Ev≤n−B≤n↾An \
⋃
Ev<n−(B≤n∪{vn}) has no minimal covers;
(4n) vn ∈ En ∈ Ev≤n−B≤n ;
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(5n) Vn := (
⋃
Ev≤n−B≤n) ∩An \ (En ∪
⋃
Ev<n−(B≤n∪{vn}));
(6n) the hypergraph Ev≤n−B≤n↾Vn has no minimal covers.
Observe that for the number n = 0 the inductive conditions (1n)–(6n) are satisfied. Assume
that for some number n ∈ N and every k < n we have chosen sets Vk, Ak, Bk, a point vk and
an edge Ek so that the inductive conditions (1k)–(6k) are satisfied for all k < n.
By the condition (6n−1) the hypergraph Ev<n−B<n |Vn−1 has no minimal covers. By Lemma 2.3,
this hypergraph does not have no minimal covers at some vertex vn ∈ Vn−1. This means
that for some set An ⊆ Vn−1 and some finite set Bn ⊆ An−1 the hypergraph Ev≤n−B≤n↾An \⋃
Ev<n−(B≤n∪{vn}) has no minimal covers. This implies that the family Ev≤n−B≤n is not empty,
so we can find an edge En ∈ Ev≤n−B≤n . By Lemma 2.1, for the set Vn := (
⋃
Ev≤n−B≤n)∩An \
({En} ∪
⋃
Ev<n−(B≤n∪{vn})) the hypergraph Ev≤n−B≤n |Vn has no minimal covers. Now we see
that the conditions (1n)–(6n) are satisfied. This completes the inductive step.
After completing the inductive construction, observe that the conditions (1n), (4n), (5n)
ensure that the sequence (vn)n∈ω consists of pairwise distinct points. Moreover, for the
bijective map f : ω → Ω := {vn}n∈N, f : n 7→ vn+1, we have f
−1(En) = {0, . . . , n − 1} for
all n ∈ ω, which means that the subhypergraph {En}n∈ω↾Ω of E is isomorphic to the graph
ω. 
3. On minimal covers in hypergraphs
In this section we discuss the problem of existence of minimal covers in arbitrary (not
necessarily countable) hypergraphs. First, let us analyze some implications of Theorem 1.1.
Corollary 3.1. A countable hypergraph E has a minimal cover if any infinite set I ⊆
⋃
E
contains a finite subset F ⊆ I such that the family EF := {E ∈ E : F ⊆ E} is finite.
Proof. Assuming that E has no mimimal subcovers and applying Theorem 1.1, we can find
subsets I ⊆ E and I ⊆
⋃
I such that the subhypergraph I↾I is isomorphic to the hypergraph
ω. Then for any finite subset F of the infinite set I the family IF is infinite and so is the
family EF ⊇ IF . 
Corollary 3.2. A countable hypergraph E has a minimal cover if there exist numbers n,m ∈ N
such that for any n-element subfamily F ⊆ E the intersection
⋂
F has cardinality |
⋂
F| < m.
Proof. Assume that for any n-element subfamily F ⊆ E the intersection
⋂
F has cardinality
|
⋂
F| < m. Given any infinite set I ⊆
⋃
E, choose any m-element set F ⊆ I and observe
that the family EF has cardinality |EF | < n (otherwise |F | ≤ |
⋂
EF | < m). By Corollary 3.1,
the hypergraph E has a minimal cover. 
Remark 3.3. For m = 2 Corollary 3.2 was essentially proved by the Mathoverflow user @bof
in his answer to the problem [2] posed by the first author.
We do not know if Corollary 3.2 can be generalized to arbitrary (not necessarily countable)
hypergraphs. However this can be done if n or m is equal to 1.
Proposition 3.4. A hypergraph E has a minimal cover if of if the following conditions holds:
(1) for any v ∈
⋃
E the family Ev := {E ∈ E : v ∈ E} is finite;
(2) sup{|E| : E ∈ E} < ω.
Proof. 1. First assume that for any v ∈ V :=
⋃
E the family Ev := {E ∈ E : v ∈ E} is finite.
By Zorn’s Lemma the hypergraph E contains a maximal subfamily M ⊆ E such that
|Mv| < |Ev| for all v ∈ V . We claim that C := E \M is a minimal cover of E . Indeed, for
every v ∈ V the inequality |Mv| < |Ev| implies that
⋃
C = V . By the maximality of M, for
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every E ∈ C and the family M′ =M∪{E}, there exists a vertex v ∈ V such that Ev = M
′
v,
which means that v /∈
⋃
(C \ {E}) and C \ {E} is not a cover of V .
2. By induction for every m ∈ ω we shall prove that any hypergraph E with sup{|E| : E ∈
E} ≤ m has a minimal cover.
For m = 1, the assertion is trivial. Assume that for some m ≥ 2 we have proved that any
hypergraph E such that sup{|E| : E ∈ E} < m has a minimal cover.
Take any hypergraph E with sup{|E| : E ∈ E} ≤ m. Using Zorn’s lemma, choose a
maximal disjoint subfamily D ⊆ E . By the maximality of D, each edge E ∈ E \ D intersects
the set
⋃
D, which implies that the hypergraph E ′ := {E \
⋃
D : E ∈ E} has sup{|E′| :
E′ ∈ E ′} < sup{|E| : E ∈ E} ≤ m. By the inductive assumption, the hypergraph E ′ has a
minimal cover C ⊆ E ′. For every edge C ∈ C find an edge C˜ ∈ E such that C = C˜ \
⋃
D. Let
C˜ := {C˜ : C ∈ C} and D˜ := {D ∈ D : D 6⊆
⋃
C˜}. It can be shown that C˜ ∪ D˜ is a minimal
cover of the hypergraph E . 
Problem 3.5. Assume that for a hypergraph E there exist numbers n,m ∈ N such that for
any n-element subfamily F ⊆ E the intersection
⋂
F has cardinality |
⋂
F| < m. Has E a
minimal cover?
The answer to this problem is not known even for n = m = 2. The following special (but
spectacular) case of Problem 3.5 is also open, see [2].
Problem 3.6 (Banakh, 2018). Let E be a cover of the real plane by lines. Has E a minimal
subcover?
Finally, let us consider an example of a hypergraph consisting of pairwise incomparable
sets and having no minimal cover. This example was first presented by P.Do¨mo¨to¨r in his
answer to a question of the second author on Mathoverflow [7] (see also the discussion at [8]).
Example 3.7 (Do¨mo¨to¨r, 2015). The cover
E :=
{
[−n, 0] ∪ {n}, {−n} ∪ [0, n] : n ≥ 2
}
of Z contains no minimal subcovers and consists of pairwise incomparable finite sets.
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